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1 Introduction
In Several Complex Variables , understanding when a CR manifold can be embedded into
a sphere is a subtle problem. Forstneric [F86] and Faran [Fa88] proved the existence of real
analytic strictly pseudoconvex hypersurfaces in Cn+1 which do not admit any germ of non-
constant holomorphic map taking M into sphere ∂BN+1 for any positive integer N . Zaitsev
constructed explicit examples for the Forstneric-Faran phenomenon [Z08]. Meanwhile, there
have been much work done to prove the uniqueness of such embeddings up to the action of
automorphisms. For instance, a well-known rigidity theorem says that that if M2n+1 is a
CR spherical immersion inside ∂BN+1 with N ≤ 2n − 1, then M must be totally geodesic
(i.e., M is the image of ∂Bn+1 by a linear fractional CR map). Ebenfelt, Huang and Zaitsev
([EHZ04], Theorem 1.2) proved that if d < n
2
, any smooth CR-immersion f :M → ∂Bn+d+1,
where M is a smooth CR hypersurface of dimension 2n + 1, is rigid. Oh in [Oh] obtained
a very interesting result on the non-embeddability for real hyperboloids into spheres of
low codimension. Kim and Oh [KO06] found a necessary and sufficient condition for the
local holomorphic embeddability into a sphere of a generic strictly pseudoconvex pseudo-
Hermitian CR manifold in terms of its Chern-Moser curvatures. Along these lines, we
mention recent studies in the papers of Huang-Zhang [HZ], Ebenfelt-Sun [ES] and Huang-
Zaitsev [HZ]. We also refer the reader to a recent survey paper [HJ07] by the first two authors
and many references therein. Our fist goal in this paper is to study the non-embddability
property for a class of hypersurfaces, called real hypersurfaces of involution type, in the low
codimensional case, by making use of property of a naturally related Gauss curvature. We
mention also the paper by Kolar-Lambel where degenerate revolution hypersurfaces in C2
were studied.
Consider a real hypersurface of revolution type defined by
1
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M = {(z, w) ∈ Cn × C | r = 0}
r = p(z, z) + q(w,w), q(w,w) = q(w,w), d(q)|{q=0} 6= 0,
p(z, z) =
∑
1≤α,β≤n
hαβz
αzβ.
(1)
Here (hαβ) is a positive definite Hermitian matrix. Such a real hypersurface apparently
admits a U(n)-action and was studied by Webster in [W02]. Associated with such a real
hypersurface is a domain D0 in C defined by D0 := {w ∈ C : q(w,w) < 0}. Assume that
M is strongly pseudoconvex in a certain neighborhood U0 of w0 ∈ D0, Webster observed
that then h := −(log q)ww > 0 in U0 and thus we have a well-defined Hermitian metric
ds2 = hdwdw. Write the Gauss curvature of such a metric as K. Define the Gauss curvature
of this metric by K = − 1
h
∂2
∂z∂z
log h. WriteM0 ⊂M for an open piece ofM whose projection
to the w-space in U0. We first prove the following result, which reveals the connection
between the hermitian geometry over D0 and the local smooth CR embeddability of M into
a sphere with lower codimension:
Theorem 1.1 Let M be a strongly pseudoconvex real hypersurface of revolution in Cn+1
defined as in (1) with 2 ≤ n ≤ N ≤ 2n− 2. Let D0, U0, K and M0 be just defined as above.
Suppose the Gauss curvature K ≥ −2 over U0 and there is a non-constant smooth CR map
from M0 into ∂B
N+1. Then K ≡ −2 over U0 and the embedding image of M in ∂BN+1
is totally geodesic, namely, a CR transversal intersection of an affine complex subspace of
dimension (n+ 1) with ∂BN+1.
Example 1.2 Let q = |w|2 + ǫ|w|4 − 1 and (hαβ) = In×n in (1). Then, for ǫ > 0, M
admits a non-totally geodesic holomorphic embedding into the unit sphere in Cn+2 through
the map: (z, w) 7→ (z, w,√ǫw2). However, for ǫ < 0, the Gauss curvature K of ds2 =
−(log q)wwdw ⊗ dw is given by K = −2 − 4ǫ + o(1) > −2 near a neighborhood of w = 0.
(See Example 7.1.) Thus, by our theorem and the algebraicity theorem of the first author
[Hu94], M in this setting can not be locally embedded into ∂BN+1 with N ≤ 2n− 2. Hence
the curvature assumption is needed in Theorem 1.1. Similarly, let q = |w|2+ ǫ|w|4+ |w|6−1
with ǫ < 0, |ǫ| << 1. Then M defined by r = |z|2+ |w|2+ ǫ|w|4+ |w|6−1 = 0 is now compact
and strongly pseudoconvex. Since the Gauss curvature K defined above now is larger than −2
in a neighborhood of 0 in D0, combing Theorem 1.1 with the algebraicity theorem of the first
author in [Hu94], we also see that any open piece of M can not be smoothly CR embedded
into ∂BN+1 with N ≤ 2n− 2. However, we do not know if the assumption N ≤ 2n− 2 can
be dropped.
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Our proof of Theorem 1.1 is based on the frame work established in [EHZ04], compu-
tations of Pseudo-Hermitian curvature tensor in [We02] and the following rigidity lemma
obtained by the first author:
Regidity Lemma [Hu99]: Let g1, ..., , gk, f1, ..., fk be holomorphic functions in z ∈ Cn near
0. Assume gj(0) = fj(0) = 0 for all j. Let A(z, z) be real-analytic near the origin such that
k∑
j=1
gj(z)fj(z) = |z|2A(z, z). (2)
If k ≤ n− 1, then A(z, z) ≡ 0 and ∑kj=1 gj(z)fj(z) ≡ 0.
This rigidity lemma has also played an important role in understanding many other prob-
lems in CR geometry. For instance, the proof of the third gap theorem [HJY12] is obtained
by repeatedly applying this lemma in subtle ways. In [EHZ04], a different formulation of
the above lemma was formulated. A new formulation of this rigidity lemma is presented in
Lemma 2.1 of §2, and will be used in this paper.
Along the same lines of applying the above rigidity lemma, we also study rigidity prob-
lems for conformal maps between a class of Ka¨hler manifolds with pseud-conformally flat
metrics. More precisely, we prove the following:
Theorem 1.3 Let f : (X,ω)→ (Y, σ) be a holomorphic conformal embedding, where (X,ω)
and (Y, σ) are Ka¨hler manifolds with dimCX = n and dimC Y = N . Suppose 2 ≤ n ≤ N ≤
2n−1 and that the curvature tensors of (X,ω) and (Y, σ) are pseudo-conformally flat. Then
f(X) is a totally geodesic submanifold of Y .
Here we mention that a holomorphic map f : (M,ω) → (N, σ) between Hermitian
manifolds M and N is called conformal if f ∗σ = kω holds for some positive constant k on
M . A tensor Tαβµν over a complex manifold is called pseudo-conformally flat (cf. [EHZ04])
if in any holomorphic chart, we have
Tαβµν = Hαβgµν + Hˆµβgαν +H
∗
ανgµβ + H˜µνgαβ (3)
where (Hαβ), (Hˆαβ), (H
∗
αβ
) and (H˜αβ) are smoothly varied Hermitian matrices, and (gαβ) is
the smoothly varied Hemitian metric, over the chart.
Basic examples for Hermitian manifolds with pseudo-conformally flat curvature tensors
are the complex space forms: Cn with Euclidean metric, CPn with the Fubini-Study met-
ric and Bn with Poincare´ metric (see §2). Other more complicated examples contain the
Bochner-Kahler manifolds [Br01].
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Concerning the dimension condition N ≤ 2n− 1 in Theorem 1.2, we recall some related
results on global holomorphic immersions. For CPn, Feder proved in 1965 [Fed65] that
any holomorphic immersion f : CPn → CPN with N ≤ 2n − 1 has totally geodesic image
(realizing CPn as a linear subvariety). For X = Bn/Γ, Cao and Mok proved in 1990 [CM90]
that if f : X → Y is a holomorphic immersion where X and Y are complex hyperbolic space
forms of complex dimension n and N respectively, such that X is compact and N ≤ 2n− 1,
then f has totally geodesic image. In CR geometry, we have the rigidity theorem [Hu99]:
if F : ∂Bn+1 → ∂BN+1 is a CR map which is C2-smooth with 1 ≤ n ≤ N ≤ 2n − 1,
then F must be linear fractional. Also, Mok had constructed an example [Mok02 ]of a
non-totally geodesic holomorphic isometric embedding from the disc ∆ into ∆p. For other
related rigidity results, we refer the reader to the papers by Calabi [Ca53], Mok-NG [MN],
Mok [Mok], Yuan-Zhang [YZ12] and many references therein.
2 A tensor version of the rigidity lemma
We first reformulate the rigidity lemma mentioned in (2) into the following version: (See
also related formulations in [EHZ04])
Lemma 2.1 Let A aαβ and B
a
αβ be complex numbers where 1 ≤ α, β ≤ n, n+1 ≤ a ≤ N . Let
(gαβ) and (Gab) be Hermitian matrices with (gαβ) positive definite. Let (H
(l)
αβ
), (Hˆ
(l)
αβ
), (H
∗(l)
αβ
), (H˜
(l)
αβ
)
be Hermitian matrices where 1 ≤ l ≤ k. Suppose that N − n ≤ n− 1 and that
N∑
a,b=n+1
GabA
a
αβX
αXβB bµνX
µXν =
k∑
l=1
(H
(l)
αβ
gµν + Hˆ
(l)
µβ
gαν +H
∗(l)
αν gµβ + H˜
(l)
µνgαβ)X
αXβXµXν
(4)
holds for any X = (Xα) = (Xβ) = (Xµ) = (Xν) ∈ Cn. Then
N∑
a,b=n+1
GabA
a
αβ
XαXβB bµνX
µXν ≡ 0, ∀X ∈ Cn. (5)
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Proof: The right-hand-side of (4) is equal to
k∑
l=1
(H
(l)
αβ
gµν + Hˆ
(l)
µβ
gαν +H
∗(l)
αν gµβ + H˜
(l)
µνgαβ)X
αXµXβXν
=
k∑
l=1
(
H
(l)
αβ
XαXβ|X|2 + Hˆ(l)
µβ
XµXβ|X|2 +H∗(l)αν XαXν |X|2 + H˜(l)µνXµXν |X|2
)
= |X|2
k∑
l=1
(
H
(l)
αβ
XαXβ + Hˆ
(l)
µβ
XµXβ +H
∗(l)
αν X
αXν + H˜µνX
µXν
)
= |X|2A(X,X)
(6)
where A(X,X) is some real analytic function of X . Then the left hand side of (4) is equal
to
N∑
a,b=n+1
GabA
a
αβX
αXβBbµνX
µXν =
N∑
a=n+1
ga(X)ha(X) (7)
where ga(X) =
∑
α,β A
a
αβX
αXβ and ha(X) =
∑N
b=n+1
∑
α,β GabB
b
αβX
αXβ are holomorphic
functions. Namely, we have
N∑
a=n+1
ga(X)ha(X) = |X|2A(X,X), ∀X ∈ Cn.
By the hypothesis: N − n < n, it concludes from (2) that A(X,X) ≡ 0, and thus (5) holds.

3 Pseudo-Hermitian geometry
CR submanifold of hypersurface type Let M be a smooth strictly pseudoconvex
(2n + 1)-dimensional CR submanifold in Cn+1. We have the complexified tangent bundle
CTM which admits the decomposition CTM = T (1,0)M
⊕
T (0,1)M. A non-zero real smooth
1-form θ along M is said to be a contact of M is θ|p annihilates T (1,0)p M
⊕
T
(0,1)
p M for any
p ∈ M . Let r be a local defining function of M . Then θ = i∂zr is a contact form of M and
any other contact form is a multiple of θ: kθ with k 6= 0 a smooth function along M .
Now, fix a contact form θ. Then there is a unique smooth vector field T , called the Reeb
vector field such that: (i) θ(T ) ≡ 1, (ii) dθ(T,X) ≡ 0 for any smooth tangent vector field X
over M . The Levi-form Lθ with respect to θ at p ∈M is defined by
Lθ(u, v) := −idθ(u ∧ v) = iθ([u, v]), ∀u, v ∈ T 1,0p (M), ∀p ∈M. (8)
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Recall that we say (M, θ) to be strictly pseudoconvex if the Levi-form Lθ is positive definite
for all z ∈M .
Let T ′M be the annihilator bundle of V := T (0,1)M which is a rank n + 1 subbundle of
CT ∗M .
Admissible coframe If we choose a local basis Lα, α = 1, ..., n, of (1, 0) vector fields (i.e.
sections of V = T 1,0M ), so that (T, Lα, Lα) is a frame for CTM := C ⊗ TM where Lα = Lα.
Then the equation in (ii) above is equivalent to
dθ = igαβθ
α ∧ θβ . (9)
Here θβ = θβ and (gαβ) is the (hemitian) Levi form matrix and (θ, θ
α, θα) is the coframe dual
to (T, Lα, Lα).
(
For brevity, we shall say that (θ, θα) is the coframe dual to (T, Lα)
)
. Note
that θ and T are real whereas θα and Lα always have non-trivial real and imaginary parts.
Without mentioning T , we can complete θ to a coframe (θ, θα) by adding (1, 0)-cotangent
vectors (the cotangent vectors that annihilate V) θα. The coframe is called admissible if
〈θα, T 〉 = 0, for α = 1, ..., n. As other equivalent definitions, (θ, θα) is admissible if (9) holds.
Pseudo-Hermitian geometry on M Observe that (by the uniqueness of the Reeb
vector field) for a given contact form θ on M , the admissible coframes are determined up to
transformations
θ˜α = u αβ θ
β, (u αβ ) ∈ GL(Cn).
Every choice of a contact form θ on M is called pseudo-Hermitian structure and defines a
hemitian metric on V (and on V) via the (positive-definite) Levi form (see (8)). For every
such θ, Tanaka [T75] and Webster [W78] defined a pseudo-Hermitian connection ▽ on V
(and also on CTM) which is expressed relative to an admissible coframe (θ, θα) by
▽Lα = ω βα ⊗ Lβ
where the 1-forms ω αβ on M are uniquely determined by the conditions
dθβ = θα ∧ ω βα mod ∧ (θ ∧ θα), dgαβ = ωαβ + ωβα. (10)
We may rewrite the first condition in (10) as
dθβ = θα ∧ ω βα + θ ∧ τβ , τβ = Aβvθv, Aαβ = Aβα (11)
for a suitably determined torsion matrix (Aβv), where the last symmetry relation holds
automatically (see [W78]).
The pseudo-Hermitian curvature R βαµν and W
β
α µ of the psuedoHermitian connection is
given, in view or [W78, (1.27), (1.41)], by
dω βα − ω γα ∧ ω βγ = R βα µνθµ ∧ θν +W βα µθµ ∧ θ −W βανθν ∧ θ + iθα ∧ τβ − iτα ∧ θβ. (12)
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4 Local CR embbedings
Coframes on f : M → Mˆ Let f : M → Mˆ be a local CR embedding where M is a
strictly pseudoconvex hypersurface in Cn+1 and Mˆ is a strictly pseudoconvex hypersurface
in Cnˆ+1. We use a ˆ to denote objects associated to Mˆ . We shall also omit the ˆ over frames
and coframes if there is no ambiguity. It will be clear from the context if a form is pulled
back to M or not. Under the above assumptions, we identify M with the submanifold f(M)
and write M ⊂ Mˆ . Capital Latin indices A,B, etc. will run over the set {1, ..., nˆ}. Greek
indices α, β, etc. will run over {1, ..., n}; Small Latin indices a, b, etc. will run over the
complementary set {n+ 1, ..., nˆ}.
Let (θ, θα) and (θˆ, θˆA) be coframes on M and Mˆ respectively, and recall that f is a CR
mapping if
f ∗(θˆ) = aθ, f ∗(θˆA) = EAαθ
α + EAθ,
where a is a real-valued function and EAα, E
A are complex-valued functions. applying f ∗ to
the equation
We identify M with the submanifold f(M) of Mˆ and write M ⊂ Mˆ . Then the CR
bundle V = T 0,1M is a rank n subbundle of Vˆ = T 0,1Mˆ along M . Then there is a rank
(nˆ−n) subbundle N ′M consisting of 1-forms on Mˆ whose pullbacks to M by f vanish. The
subbundle N ′M is called the holomorphic conormal bundle of M in Mˆ .
We write i∗ for the standard pull back map and i∗ for the push-forward map. Notice that
our consideration is purely local. We let p ∈M and fix a local admissible coframe {θ, θα} for
M . Let T be the Reeb vector field associated with θ. Assume that M̂ is a small neighborhood
of 0 in Rm̂, p = 0 and M is defined near 0 by xj = 0 with j = m+ 1, · · · , m̂. First, we can
extend θ to a contact form of M̂ in a neighborhood of 0. Write x′ = (x1, · · · , xm). Define
θ̂ = uθ, with u(x′, 0) ≡ 1. Then dθ̂ = du∧θ+udθ. We want dθ̂ yT = 0 alongM . For this, we
write udθ yT =
∑m̂
j=1 dj(x
′, 0)dxj. Then, we need to have, alongM : du =
∑m̂
j=1 dj(x
′, 0)dxj.
Since T is the Reeb vector field for θ alongM , we have dj(x
′, 0) = 0 for j ≤ m. Thus, choose
u = 1 +
∑m̂
j=m+1 dj(x
′, 0)xj. Then we have dθ̂ yT = 0 along M . Now, by the uniqueness of
the Reeb vector field, we see that Reeb vector field T̂ of θ̂, when restricted to M , coincides
with T . Extend θα to a neighborhood of 0 in M̂ to get θ̂α, and add θ̂a so that {θ̂, θ̂α, θ̂a}
forms a basis for T ′M̂ near 0. Apparently, after a linear change for the forms {θ̂α, θ̂a}, we
can assume that the pull-back of θ̂a to M is zero for each a = n+ 1, · · · , n̂, the pull back of
θ̂α to M is θα for α = 1, · · · , n, θ̂ remains the same, and {θ̂, θ̂α, θ̂a} is an admissible coframe
along M˜ near 0.
Next, suppose that dθ =
√−1gαβθα∧θβ with gαβ = δαβ alongM . We can even make the
Levi form of M̂ with respect to the co-frame {θ̂, θ̂α, θ̂a} also the identical matrix along M .
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Indeed, let {T, Lα} be the dual frame of {θ, θα} alongM . Extend Lα to a vector field of type
(1, 0) in a neighborhood of 0 in M̂ . Find {L̂a} so that {L˜α, L̂a} forms a base of vector fields
of type (1, 0) over M̂ with its Levi form along M̂ near 0 the identical matrix. Let {θ̂, θ̂α, θ̂a}
be the dual co-frame of {T̂ , L̂A}. Then along M , < i∗(θ̂a), Lα >=< θ̂a, L̂α > |M = 0;
< i∗(θ̂a), T >=< θ̂a, T̂ |M >= 0. Hence the pull back of θ̂a to M is zero. Clearly, the
pull-back to θ̂α to M is θα and i∗(θ̂) = θ. Assume that
dθ̂ =
√−1gABθ̂A ∧ θ̂B +
n̂∑
A=1
(
eA(x)θ̂
A + eA(x)θ̂
A
) ∧ θ̂.
Contracting along T̂ , we see that eA ≡ 0. Hence, we see that {θ̂, θ̂α, θ̂a} is an admissible
co-frame. Now, the Levi form of M̂ along M is the identity with respect to such a frame.
We say that the pseudo-Hermitian structure (Mˆ, θˆ) is admissible for the pair (M, Mˆ)
if the Reeb vector field Tˆ for θˆ is tangent to M . With the just obtained co-frame (θˆ, θˆA)
on Mˆ where A = 1, 2, ..., nˆ, the holomorphic conormal bundle N ′M is spanned by the
linear combinations of the θˆa. Summarizing the above, we see the following basic fact from
[EHZ04]:
Proposition 4.1 ([EHZ04], Corollary 4.2) Let M and Mˆ be strictly pseudoconvex CR-
manifolds of dimensions 2n+1 and 2nˆ+1 respectively. Let f :M → Mˆ be a CR embedding.
If (θ, θα) is any admissible coframe on M , then in a neighborhood of any point pˆ ∈ f(M)
in Mˆ there exists an admissible coframe (θˆ, θˆA) on Mˆ with f ∗(θˆ, θˆα, θˆa) = (θ, θα, 0). In
particular, θˆ is admissible for the pair (f(M), Mˆ), i.e., the Reeb vector field Tˆ is tangent to
f(M). Also, when the Levi form of M with respect to the co-frame (θ, θα) is the identical
matrix, then we can also choose (θˆ, θˆA) such that the Levi form of M̂ with respect to (θˆ, θˆA)
is also the identical matrix.
If we fix an admissible coframe (θ, θα) on M and let (θˆ, θˆA) be an admissible coframe on
Mˆ near a point pˆ ∈ f(M), we shall say (θˆ, θˆA) is adapted to (θ, θα) on M if it satisfies the
conclusions of the above Proposition above. We also normalize the Levi-forms with these
frame such that they are identical.
Second fundamental form Equation (11) implies that when (θ, θA) is adapted to M , if
the pseudoconformal connection matrix of (Mˆ, θˆ) is ωˆ AB , then that of (M, θ) is the pullback
of ωˆ αβ . The pulled back torsion τˆ
α is τα, so omitting the ˆ over these pullbacks will not
cause any ambiguity and we shall do that from now on. By the normalization of the Levi
form, the second equation in (10) reduces to
ωBA + ωAB = 0, (13)
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where as before ωAB = ωAB.
The matrix of 1-forms (ω bα ) pulled back to M defines the second fundamental form of
the embedding f :M → Mˆ . Since θb = 0 on M , equation (11) implies that on M ,
ω bα ∧ θα + τ b ∧ θ = 0, (14)
and this implies that
ω bα = ω
b
α βθ
β , ω bα β = ω
b
β α, τ
b = 0. (15)
Following [EHZ04], we identify the CR-normal space T 1,0p Mˆ/T
1,0
p M , also denoted by N
1,0
p Mˆ
with Cnˆ−n by choosing the equivalence classes of La as a basis. Therefore for fixed α, β =
1, ..., n, we view the component vector (ω aα β)a=n+1,..,nˆ as an element of C
nˆ−n. Also view the
second fundamental form as a section over M of the bundle T 1,0M ⊗N1,0Mˆ ⊗ T 1,0M ,
5 The Pseudo-conformal geometry
Pseudo-conformal geometry We will need the pseudo-conformal connection and struc-
ture equations introduced by Chern and Moser in [CM74]. Let Y be the bundle of coframes
(ω, ωα, ωα, φ) on the real ray bundle πE : E → M of all contact forms defining the same
orientation of M , such that dω = igαβω
α ∧ ωβ + ω ∧ φ where ωα ∈ π∗E(T ′M) and ω is the
canonical 1-form on E. In [CM74] it was shown that these forms can be completed to a full
set of invariants on Y given by the coframe of 1-forms
(ω, ωα, ωα, φ, φαβ, φ
α, ψ) (16)
which define the pseudo-conformal connection on Y .
φαβ + φβα = dgαβ,
dω = iωµ ∧ ωµ + ω ∧ φ,
dωα = ωµ ∧ φ αµ + ω ∧ φα,
dφ = iων ∧ φν + iφν ∧ ων + ω ∧ ψ,
dφ αβ = φ
µ
β ∧ φ αµ + iωβ ∧ φα − iφβ ∧ ωα − iδ αβ φµ ∧ ωµ −
δ αβ
2
ψ ∧ ω + Φ αβ ,
dφα = φ ∧ φα + φµ ∧ φ αµ −
1
2
ψ ∧ ωα + Φα,
dψ = φ ∧ ψ + 2iφµ ∧ φµ +Ψ,
(17)
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where the curvature 2-forms Φ αβ , Φ
α and Ψ are decomposed as
Φ αβ = S
α
β µν ∧ ων + V αβ µωµ ∧ ω + V αβνω ∧ ων ,
Φα = V αµνω
µ ∧ ων + P αµ ωµ ∧ ω +Q αν ων ∧ ω,
Ψ = −2iPµνων +Rµωµ ∧ ω +Rνων ∧ ω.
(18)
where the functions S αβ µν , V
α
β µ, P
α
µ , Q
α
ν together represent the pseudo-conformal curvature
of M. 1 As in [CM74] we restrict our attention here to coframes (θ, θα) for which the Levi
form (gαβ) is constant. The 1-forms φ
α, φα, φ αβ , ψ are uniquely determined by requiring the
coefficients in (18) to satisfy certain symmetry and trace conditions (see [CM74] and the
appendix), e.g.
Sαβµν = Sµβαν = Sµναβ = Sνµβα, S
µ
µ αβ
= V muα µ = P
µ
µ = 0.
Let us fix a contact form θ that defines a section M → E. Then any admissible coframe
(θ, θα) for T 1,0M defines a unique sectionM → Y for which the pullbacks of (ω, ωα) coincide
with (θ, θα) and the pullback of φ vanishes. As in [W78], we shall use the same notation
for the pulled back forms on M (that now depend on the choice of the admissible coframe).
With this convention, we have
θ = ω, θα = ωα, φ = 0 (19)
on M .
Relationship between psudo-conformal geometry and pseudo-Hermitian geome-
try In view of Webster [W78, (3.8)], the pulled back tangential pseudoconformal curvature
tensor S βα µν can be obtained from the tangential pseudo-Hermitian curvature tensor R
β
α µν
in (12) by
Sαβµν = Rαβµν −
Rαβgµν +Rµβgαν +Rανgµβ +Rµναβgαβ
n + 2
+
R(gαβgµν + gανgµβ)
(n+ 1)(n+ 2)
(20)
where
Rαβ := R
µ
µ αβ
and R = R µµ
are respectively the pseudo-Hermitian Ricci and scalar curvature of (M, θ).
1The indices of S αβ µν here are interchanged comparing to [CM74] to make them consistent with indices
of R αβ µν in (12).
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Traceless component Following the termenology in [EHZ04], we call a tensor T
a1...atb1...bq
α1,...,αr,β1,...,βs
pseudo-conformally equivalent to 0 or pseudo-conformally flat if it is a linear combination
of gαiβj for i = 1, 2, ...., r and j = 1, 2, ..., s. Two tensors Tαβµν and Rαβµν are called con-
formally equivalent if Tαβµν − Rαβµν are pseudo-conformally flat. For any tesnor Rαβµν , its
traceless component is the unique tensor that is trace zero and that is conformally equivalent
to Rαβµν . We denote the traceless component by [Rαβµν ]. Formula (20) expresses the fact
that Sαβµν is the “traceless component” of Rαβµν (cf. [EHZ04], (5.5)):
Sαβµν = [Rαβµν ]. (21)
6 Real Hypersurface of Revolution
Real hypersurfaces of revolution Let M = {(z, w) | r = 0} be a real hypersurface of
revolution in Cn+1 with n ≥ 2 where
r = p(z, z) + q(w,w), q = q and p(z, z) = hαβz
αzβ. (22)
where (gαβ) is a positive definite Hermitian matrix. Also d(q) 6= 0 when q = 0.
Define D := {(z, w) | r < 0}. As the auxiliary curve and domain in C, we define
M0 := {w | q(w,w) = 0} and D0 := {(w | q(w,w) < 0}. M is strictly pseudoconvex if
and only if on D0 := {q < 0}, h := −(log q)ww = qwqw−qqwwq2 > 0. Assume that M is
strictly pseudoconvex. Then D0 admits a Hermitian metric ds
2 = hdwdw. We denote by
K its Gaussian curvature on D0. It was proved in [W02] that for w ∈ D0 and (z, w) ∈ M
with n ≥ 2 and dq 6= 0, the fourth order Chern-Moser tensor S(z, w) = 0 if and only if
K(w) = −2.
The pseudo-Hermitian curvature of M By Webster, at the point where d(q) 6= 0, the
pseudo-Hermitian curvature of M is calculated as
Rβαρσ = −A(gβαgρσ + gραgβσ)−Bpβpαpρpσ (23)
where
A = − Q
1−Qq , gαβ = hαβ+Qpαpβ , θ = −i∂r, θ
α = dzα−iηαθ, ηα = gαβηβ, ηα = −Qpα; (24)
and
B =
Qww
qwqw
+ 2Q
(
Qw
qw
+
Qw
qw
)
+ 3Q3 +
q|(Qw/qw) +Q2|2
1−Qq (25)
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where Q = qww
qwqw
. Notice that the formulas above were slightly modified from those in [We02],
since we need (gαβ) to be positive definite to apply the Gauss-Codazzi equation here.
Here B can also be calculated as
B =
(K + 2)k2
q3(qwqw)2
(26)
where k = qwqw − qqww. We notice that B is a real-valued function and B ≤ 0 if and only
if K + 2 ≥ 0.
Umbilic points of the fourth order Chern-Moser tensor S Let S be the fourth
order Chern-Moser tensor when n ≥ 2. (For n = 1, it is replaced by the Cartan invariant).
A point (z, w) ∈M is called a umbilic point if S(z, w) = 0.
It was proved by Webster [W02] that let w ∈ D0 and (z, w) ∈M . Then at points where
dq 6= 0,
S(z, w) = 0 if and only if K(w) = −2. (27)
If B ≡ 0, it implies K ≡ −2 by (26).
7 Proof of Theorem 1.1
Let M0 be a connected open piece of M = {(z, w) | r = 0}, that is strongly pseudoconvex in
Cn+1 with n ≥ 2. Here M is as in (22). Assume that M0 project down to an open subset U0
of D0. Suppose that there is a non-constant CR map F :M0 → ∂BN+1. By the Hopf lemma
and shrinking M0, we can assume that F is a CR embedding. Under the assumption as in
Theorem 1.1, we then need to prove that F (M) must be the CR transversal intersection of
an affine subspace with the sphere. After shrinking M0 and thus U0, we can assume that
qw 6= 0 over U0.
We take an admissible coframe (θ, θα) on M as mentioned before with θ := −i∂zr as the
contact form. Fixing any point p ∈ M0, by Proposition 4.1, there exists a neighborhood Uˆ
of pˆ := F (p) in ∂BN+1 and an admissible coframe (θˆ, θˆA) on Uˆ such that F ∗(θˆ, θˆα, θˆa) =
(θ, θα, 0) on U , where U is a neighborhood of p in M0 such that F (U) = Uˆ .
Consider the pseudo-conformal Gauss equation (cf. (5.9) in [EHZ04])
[Sˆ(X,X,X,X)] = S(X,X,X,X) + [〈II(X,X), II(X,X)〉], ∀X ∈ T 1,0pˆ F (M), (28)
where S is the pseudo-conformal curvature of F (M), Ŝ is the restriction of the pseudo-
conformal curvature of ∂BN+1 on F (M), and II(X,X) is the second fundamental form of
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F (M) ⊂ ∂BN+1. Here the notation [ ] in (21) is used and we can regard X as a vector in
Cn. Locally it can be written as
[Sˆαβµν ] = Sαβµν + [gabω
a
α µω
b
β ν
] (29)
where (ω bα ) is the second fundamental form of F (M) and ω
b
α = ω
b
α βθ
β, and (gab) is the
(Levi) positive definite Hermitian matrix. Here ω bα β are functions satisfying ω
b
α β = ω
b
β α
(cf. [EHZ04], (4.3) and (5.6)). Recall the facts that the pseudo-conformal curvature of a
sphere vanishes and that we have
Sαβµν = [Rαβµν ]
where Rαβµν is the pseudo-Hermitian curvature induced by the pseudo-Hermitian metric on
F (M). Then (29) becomes
0 = [Rαβµν ] + [gabω
a
α µω
b
β ν
]. (30)
Since F is a local CR embedding, we can identify the psedudo-Hermitian structure
(M, θ) with (F (M), (F−1)∗θ). In other words, we can identify the psedo-Hermitian curvature
Rαβµν on F (M) as the pseudo-Hermitian curvature over M . Then from (7.1), we have
Rαβµν = −A(gαβgµν + gµβgαν)−Bpαpβpρpν . Since p(z, z) = hβαzβzα, we have
pβ = hββ′z
β′, pα = hα′αz
β′
and thus ∑
α,β,µ,ν
pαpβpµpν =
∑
α,β,µ,ν,α′,β′,µ′,ν′
hαα′z
α′hβ′βz
β′hµµ′z
µ′hν′µz
ν′
=
∣∣∣∣ ∑
β,ν,β′,ν′
hβ′βz
β′hν′νz
ν′
∣∣∣∣2
(31)
Now, as in the proof of lemma 2.1, we have the following computation:
AαβgµνX
αXβXµXν = B(X,X)|X|2,
where |X|2 = gαbXαXβ and B(X,X) = AαbXαXβ. We substitute (7.1) and (31) into (30)
to obtain
0 = |X|2E(X,X)
− B
∣∣∣∣ ∑
β,ν,β′,ν′
hβ′βz
β′hν′νz
ν′XβXν
∣∣∣∣2
+
∑
n+1≤a,b≤N
gabω
a
α µX
αXµω b
β ν
XβXν , ∀X ∈ Cn, at pˆ ∈ Uˆ
(32)
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for some real analytic function E(X,X). Since (N − n) + 1 ≤ ((2n− 2)− n) + 1 = n − 1,
we apply Lemma 2.1 to yield that
− B
( ∑
β,ν,β′,ν′
hβ′βz
β′hν′νz
ν′XβXν
)( ∑
α,µ,α′,µ′
hαα′zα
′hµµ′zµ
′XαXµ
)
+
N∑
a,b=n+1
gabω
a
α µX
αXµω b
β ν
XβXν = 0, ∀X ∈ Cn.
(33)
When B ≤ 0, then both terms in the left hand side of the above equation is nonnegative.
Hence, we get that B ≡ 0 over U0 and
N∑
a,b=n+1
gab
(
ω aα µX
αXµ
)(
ω b
β ν
XβXν
)
≡ 0, ∀X ∈ Cn.
Since (gαβ) is Hermitian and positive definite, it implies ω
a
α µ = 0, ∀a, α, µ so that the second
fundamental form of F (M) is zero.
Then either by the result of Webster in (27) or by the result in [JY10], F (M) and M
must be spherical. Thus F (M) is in the image G(∂Bn+1) for some linear fractional map
G : ∂Bn+1 → M ⊂ ∂BN+1, by the well-known rigidity result in [Hu99]. The proof of
Theorem 1.1 is complete. 
Example 7.1 Let q = |w|2+ ǫ|w|4+φ(w,w)− 1 with ǫ ∈ R and φ = o(|w|4) being smoothly
real-valued. Now D0 = {w ∈ C : q < 0}. ds2 = −(log q)wwdw ⊗ dw defines a Hermitian
metric in a neighborhood of 0 ∈ D0. The formula for its Gauss curvature was derived in
[(15), We02]:
K = −2 + q3k−3
(
kqwwww + q|qwww|2 − 2ℜ(qwwwqwwqw) + qww|qww|2
)
with k = qwqw− qqww. By a direct computation, one sees that K = −2−4ǫ+ o(|w|). Hence,
for ǫ < 0, we have K > 2 in a small neighborhood of 0 in D0
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8 Examples of pseudo-conformally flat Ka¨hler mani-
folds
Complex space forms A Ka¨hler manifold of constant holomorphic sectional curvature
is called a complex space form. The universal complex space forms are Cn,CPn and Bn
equippred with the Kahler metric
hij =
δij
1 + κ|z|2 −
κzizj
(1 + κ|z|2)2
with κ = 0, 1 and −1 respectively. Also, z ∈ Cn in the Cn and Pn (locally chart in this
setting) case; and |z| < 1 in the hyperbolic space case. The curvature tensor is given by
Θij = κ
( n∑
k,l=1
hkldzk ∧ dzl
)
δij − κ
n∑
l=1
hildzl ∧ dzj
and
Rijkl = κ(hijhkl + hkjhil),
Complex space forms are certainly pseudo-conformally flat.
Bochner-Ka¨hler manifolds Let (M,ω) be a Ka¨hler manifold. Write ω =
∑
ij gijdzi⊗dzj
in a local holomorphic chart. The Bochner curvature tensor of (M,ω) is defined as the
following tensor:
Bβαρσ = Rβαρσ − gβαRρσ + gραRβσ + gβσRρα + gρσRβα
n+ 2
+
R(gβαgρσ + gραgβσ)
(n + 1)(n+ 2)
where Rαbγδ is the curvature tensor of (M,ω), Rαβ is the Ricci tensor and R is the scaler
curvature of (M,ω). (M,ω) is called a Bochner-Ka¨hler manifold if its Bochner curvature
tensor is identically zero. There have been extensive studies on Bochner-Ka¨hler manifolds in
the literature, for which we refer the reader to the paper of Bryant ([Br01]). Bochner-Ka¨hler
manifolds are apparently pseudo-conformally flat in our definition.
9 The proof of the Theorem 1.2
To prove Theorem 1.2, for any point u0 ∈ X , let z = (z1, ..., zn) be a holomorphic coordinate
system of f(X) at z0 = f(u0), and zˆ = (z1, ..., zn, zn+1, ..., zN) an extension of (z1, ..., zn)
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to a coordinate system of Y at z0. We shall fix the following convention for indices: 1 ≤
i, j, ...,≤ N , 1 ≤ α, β, µ, ν, γ, δ... ≤ n, n + 1 ≤ a, b, A,B, ...,≤ N .
Let us denote by gˆij the Hermitian metric of (Y, σ) and Rˆijkl the curvature tensor of this
metric on Y . Let us denote by gαβ the restriction metric of the metric gˆij on f(X) and and
Rαβγσ the curvature tensor of this reduced metric gij on f(X).
By the Gauss equation, we have the following equation of tensors:
Rˆαβγδ|f(X) − Rαβγδ = hAαγhBβσgˆAB (34)
where hAαγ = gˆ
Aj ∂gˆαj
∂zγ
is the second fundamental form of f(X) in Y .
Since (Y, σ) is pseudo-conformally flat, the restriction of the curvature also satisfies
Rˆαβγδ|f(X) = (Gαβ gˆµν + Gˆµβ gˆαν +G∗αν gˆµβ + G˜µν gˆαβ)|f(X) (35)
where Gαβ , Gˆαν , G
∗
αν , G˜µν are some Hermitian matrices on f(X).
Since (X,ω) is pseudo-conformally flat, so is (f(X), (f−1)∗(ω)). Since f is holomorphic
conformal, we have (f−1)∗ω = kσ|f(X) for a positive constant k > 0. By the assumption that
(X, σ) is pseudo-conformally flat, we conclude that (f(X), σ|f(X)) is also pseudo-conformally
flat, and hence the curvature tensor Rαβγδ is conformally flat on f(X) and it can be written
as
Rαβγδ = Hαβgµν + Hˆµβgαν +H
∗
ανgµβ + H˜µνgαβ (36)
where Hαβ , Hˆαν , H
∗
αν , H˜µν are some Hermitian matrices on f(X).
By (34)(35) and (36), we have
(Gαβgµν + Gˆµβ gˆαν +G
∗
αν gˆµβ + G˜µν gˆαβ)(z0)X
αX
β
XµXν
− (Hαβgµν + Hˆµβgαν +H∗ανgµβ + H˜µνgαβ)(z0)XαX
β
XµXν
= (hAαµh
B
βνX
αXβXµXν , gˆAB)(z0)
(37)
for any X = (Xα) = (Xβ) = (Xµ) = (Xν) ∈ Cn.
By the same calculation as in (6), the left hand side of (37) is equal to |X|2A(X,X).
Since N − n ≤ 2n− 1− n = n− 1, we can apply Lemma 3.1 to conclude
N∑
A,B=n+1
hAαµ(z0)X
αXβhBβν(z0)X
µXν gˆAB(z0) = 0, ∀X ∈ Cn.
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Since the Hermitian metric (gˆAB(z0)) is positive definite, h
A
αµ(z0) = 0 for all α, µ, and A.
Since this holds for any point z in X , we have proved that the second fundamental form of
f(X) is identically zero, and hence f(X) is totally geodesic in Y , proving the Theorem 1.2.

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